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1,  Introduction
ln the prcvious papers[2] and [3], wc haVC introduced a cottcept of generattzcd
functions,  In thc presettt paper wc intcnd to discuss rclations bctween summation
kernels, dcita functions and the deita distribution, using gcneralzcd Functions.  For
thc sakc of thc purpose, 、v would like to introduce a ne、v deanition of summation
kerncls,  The dennition difFers shghay from the traditional one.  According to our
dennitiOn thc Gauss‐Weierstrass kernc1 77(x,ノ)and POiSSOn kerncl P(χ,ノ)are su■1‐
mation kernels.
As an apphcation of our rncthod,we intend to provc the fonowing equalities:
kn〃(ちのう残=k,i塩のみ〒生
The author expresses his hearty thanks to PrOfcss9r S・Igari of Tohoku University
for his many valuablc suggestions.
2. Prelil■inaries
We shan arst give the deanitiOn of gcneranzed functions.
DEFINITION 2.1. Let R十={ノcR;ノ>0),and F={(0,ノ);ノ∈R十). Thcn F has the
nnite intcrsection property,  Wc sha■denotc with ttF thc uitranlter gCncrated by f「.
Let{χ(ノ);ノC RI}be a ttmtty of non empty scts andにt,o光b(ノ)∈ど許ズ(ノ)・ De‐
nne,(ノ)～b(ノ)if thC f01lowing condition is satisned:
{ノCR+;αO)=b(ガ}∈夕.
It is casy to see this relation is an equivalcnce rclation,  Den■c
Hダズ(ノ)=ァ昇ズ(ノ)卜・]
The equivalencc dass detcrmincd by,(ノ)cy要.ズ(ノ)Will bC denotcd win[α(の].
Ifズ(ノ)=ズfOrノGR+,then wc denote H″X=*X.Lct α∈メ and let α(ノ)=α fOr
ノ∈R+.If We identify[α(ノ)]W th α, cn wc havc Xc*X,Throughout this paper,
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wc identify[α(ノ)]Wi血,.An element Of the spacc*Mapは・,のiS Called a gcncralizcd
function(C‐function)。
LEMMA 2.2.L"α(ノ),'′0),b(の,b′C/)∈
ン[髯.C 
αηtt J",(ノ)留
'′
(ノ),b(ノ)～b′(ノ).
r/{ノ∈R十;lαO)一b(ノ)|<ε)G 〕´〃 εGR+。勁 9η
(ノ∈R+;lα′(ノ)一b′(ノ)|<ε}∈´ ユ/ε∈R十.
PROOF. Lct ε∈R十. Since
{ノCR+;lα′0)一b′(ノ)|<ε}
ED(ノ∈R+;,(ノ)=α′(ノ)}∩(ノCR+;b(ノ)=う′(ン)}
n{ノ∈R十;|,(ノ)―b(ノ)|<8}, and
{ノ∈R+;,(ノ)=α′(ノ)},(ノGR+;b(ノ)=b′(ノ)},
(ノ∈R+;|,(の一b(ノ)|<ε}∈♂,
we have
{ノCR+;lα′(ノ)一b′(ノ)|<ε}G夕.
DEFINITION 2,3. Let[,(ノ)],[b(ノ)]C*C, Denne[,(ノ)]≒[b(ノ)]if the f01lowing
condition is satisned:
(ノGR+;|,(ノ)一b(ノ)|<8}C´  fof ε∈R+.
According to Le■Hna 2.2,】)cIInition 2.3 is well―dcaned.
PROPOSITION 2.4. Lct,。(ノ)C[II(ノ)]C*C and let
縄α00=a Tllcn Eα①]≒仇
PROOF,  For cvcry positive numberじ,we can select a suitable positive number δ such
thatノC(0,δ)impliCS Iα。(ノ)一 l<8. ThuS we have
{ノ∈R十;|,。(ノ)一αl<8}g9(0,δ).
Since(0,δ)∈´ We have(ノGR+,I,。(ガー αl<ε}∈´,and thcrefore[α(ノ)]=['。(ノ)]≒α・
DEFINITION 2.5. Lct[デ(X,ノ)]=[デ(Xl,‥.,χ″,ノ)]∈* r｀ap(R・,C). We say[デ(χ,ノ)]
has a property P,if it satisnes the condition i
Иgつ={ノ∈R+;デ(χ,ノ)has a prOperty P as a Function of χ alone}∈.´
REMARK.  Deanitions 2.5,2,6 and 3.2 are clcarly we■‐dcaned and proott are on?ttcd.
DEHNITION 2.6, Let[デ(χ,ノ)]be an integrable C‐fllnction on R“. Deane
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k.臨ν月み期点i胞"¶「
Whe中∫R‖デ°)"X*ねdCFlned as ttbw説
kЛれ の
み ■=∫R'れ》 WheFCデ年,ガね? Cyれに。五型 ,ふd
=O       olsewhete.
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We shall derlne the delta disttibution δ as follows:
DEHNITION 3,1.Let δ be the sct of an cfunOtions Eデは ,ノ)]l■aVi148 the f01lo?ng
propcrtiesi
O,1)E/CX,〉鴻iS 10CJly intcgrablc i,e`
И(り=モノCR+,デは,ノ)iS I。∽1ly inttp聰るlc as a fl14CtiOn Of x alonO}cグ,a4d
e動比.晦ガw鯛み≒択①れrは②.
An element ofthe sct δ is caned a dclta fllaction.
PROPOSIT10N 3.2.L"[デ(ル,ノ)]b9,プゼIヶ,力れじチカカカ,り,れ♂す力ι力 T'οVれクprOpθ″勾濯
(3.9 L"rb?αぅ。
"η
,9河
'肪
θrク9,テηR・s,c力れ,サf⇒0, 7狗θん |デ|(x,ノ)'Sうθ
"η
デ9冴οれ
,乃9,pサθ′υαJ, '.9,
スげF,つ=(ノCR+;|デ|(χぅノ)≦ν,"∈打〕と´
/9r Sθ胞?V∈R十,wヵ″θ lデ|は,ノ)=|デは,ガ|・
フ修みαυ何力θ/9'ケοψ
'乃
,P′Op●rr,9sI
(3.O L"rb9α b仇財施′れ″″υ,7れR's,れサみ,すゴ∋0,Tλθη
∫.Eデ(χ,)う]デ弟≒1.
(3.5)LθFr bθ αうθ
"η
tr¢冴,η″′υ,′れ R'sク●力す力α′f革)0. T力彦η
∫r[デ(εちブ河デ死L;0,
Pミ00F。('`の Lct 8CR+.We choosc a bounded illterval rl in RT ha?ng he Follow‐
ing pFOpenies:
0亀つちand O陶0.一つく,テWhere tt donotes the Lebesgtt measure,We chooso a
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function?c(珍)haVing thc f01lo?ng prOperticsI
(iiiJ O≦η儀)≦1,(?),0)=l fOF x∈亀 and ① CaF(のCrl.
LetノC五(Aイ1,fl)nИ(う. Thcn
k"デは,ン)¢ωみ=∫fデ0,力?ωみ+∫れ_Iデ(χ,ン)η(つ冴χ,
and
l∫r_1デ0,ノ)?(つみ|≦∫けrⅨち刑trx≦Ml靱01-つく財lB・
On he otheF hand We have
l=?°≒∫R■[デ←'の]EfPCX)]み.
TherefoFC―Wo ttaVe
∫.E/0)朗歳≒1.
(3.動 LetεcR+, We choosc rl and?in thesame way as o.o・For llmciently Small
む,Ve have fと|,0。 LetノcИ(4√1,11)n4(つ・ ThCn
∫RIデ(為のば う'x=∫rチ
ICj〕う
'光
十
∫rl…rデ・
C,ノ)?01)冴え, and
l∫れ｀rデ°'ガη●ン死|≦∫frf lrcx,別ぬ≦″ド・
On lhe Odi(ォhand we have
O=?①≒∫:“Erは,〕]降ω]歳・
h∝efore w hれ。∫r[デ。,力]み≒0.
PROPOttTION 3,3.LTデは,ノ)b9'力猾θす
'θ
η力,υttY,力θ
'力
W'η♂prθPθrサ,θd:
(3.o デ ,ノ)'S'4虎Ψ′αbJ?力rα:ιメ∈R+,ヵ′げ(為ノ)]Cδ,
(3.つ 形 "秘
CЙοθdg,bθtrp∬
","θ
約加 r tt R・αヵヴ α
“
。■ μη ar,υ?ヵ駆 r力秘 σω
肋υ崩♂加9カ1,,W加♂pЮP9″すlθs:
(1)                       ∫R4_r♂ωa、く∝),α力冴
0う       |デ|は,ν)≦♂(x) ユ〃 ノGR+,,|∈RB―r〕 ,ガ
o,8)   枠鈴デe'力=0 カr,セ."∈Rユー /こ
助 9“w?みIJ″
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∫R■ [デ(χ,ノ)]rrx≒1.
PR00F. SinCe
l      kttV伍朗歳=比臨 朔歳 十離 r臨朔み '
比h朔み≒h
lo              By the doHlinated convergcnce thcorc■1,w  havc
k“ィV“朔歳≒∈
Therefore we have
∫R■[デ(χ,ノ)]'X≒1.
COROLLARY 3.4. L9チデ(x,ノ)bι IVノ税兒じサ
'ο
η 力αυ,η♂ す力9P′οp9rι,9s(3.6),(3.7)αη冴
(3.8).
丁
∫R4[デ(X,ブ週
歳 ∈R,サ膨 η
∫R附[デ(X,ノ)]冴
X=1.
DEFINITION 3.5. AC―function[た(χ,ノ)]iS Said a summation kernel if it satislles the
fomowing COnditionsi
ett     k熟陥州加〓転
00E/CX朔≦ν fOrsomc Mctt wh爵脚 19=km陸加 吼 錮d
(3.11)Let BG R+and re={x,IXI≦ε}. ThCn
i        比"Jc田伍朔歳≒∝
By Deanition 3.5,Gauss‐Weterstrass kerne1 7(x,ノ)=(4πノ)~(・/2)9-1】12/4y and Poisson
kerneI P(x,の=C爪ノ/(ノ2+IX12)(,+1)/2)wherC C.=Γ((η+1)/動イ(π(pl・1)/2),arC Summation
kernels,
The tradidonal derlnitiOn Of summation kernels are as follows(see lgari El])。
DEFINITION 3.6.A family of funcdons{転(x)}兄>。dCaned On R'is said a summation
kernel if it satisnes the f01lowing conditions:
6り    渉比滉啄つ脳 ,
6(3.10
(3.14)
●■5)
(,.10)
Thercforc
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||た‖1≦ν  fOr SOm9 ″≧0, and
縄 ∫I判>Bたlω
冴洋 0 的rtt B>0.
PRoPosITIoN 3.7.|と,[√(予,ノ)]b9,S“孵翻
"10猾
た9rηf}i T力?ηE/CX,)う]Cδ・
PROPOSITION 3.8. L9ιデ(党,ノ)b9p/B'力す|♂′
'b′
θプカηθケ
'ο
力οヵRT株)r,〕
'ノ
CR+力,,,れ♂
チカ9プb''οψ
',♂
prθP9rチ,9∫:
デ(為ノ)'S bο″カダ9'οη R“×R十,,η′
子乳デ(形'ガ=1 )〃α・?・ ICR″.
rhθrt
(3.17)               [彰″(デ)(χ,ノ)]==∫
Rれ E/(ξ
,)つ][ι
~2″,ⅢII]'ξとδ.
PROOF. Letゅc(珍).ThCn
∫RI(∫黒/億ノ)ゲ
2TEx・七充1荻つみ =∫尺/(と,ノ)(∫:xう① ?=2″
加・ζtrXI夕ζ,
揖∫RIデにうの(∫Rユ?・。ι‐2虜″ξデξlみ
=∫
R4∫Rオ
ηω9~2,構・´脱ガξ=?(の・
[♂
r(デ)(X,ノ)]∈δ・
ExAMPLE 3,9.①Letデ(ガ,ノ)=θ~4″21キ12,and♂は,ノ)=ι~2″1"ly.
Then ttπげ)(X,ガ]=p7o,ノ)]altd ttπ徳)(χ,ノ)]=EPは,朔haVe the properties(3.6),
(3.7),(3.8)and
k.M九州か k4M先朝先 顔d
kォTC珂加=k滉酢 ,朝加・   .
ThFれ鯰
k.Mち朗加且 凹 ,州力封 ,
o Letヵは,,イは,ガズχ,″),WheFeデ●ぅのand σ∈,力are functions denned in O。
Then
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[♂(b)(■,の]Gδ.
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